In this note, we show that any n-dimensional κ-noncollapsed steady Kähler-Ricci soliton with nonnegative bisectional curvature must be flat. The result is an improvement to our former work in [7] .
Introduction
In [7] , we prove Theorem 1.1. There is no any κ-noncollapsed steady Kähler-Ricci soliton with nonnegative sectional curvature and positive Ricci curvature.
In this note, we improve Theorem 1.1 in sense of nonnegative bisectional curvature. Namely, we have Theorem 1.2. There is no any κ-noncollapsed steady Kähler-Ricci soliton with nonnegative bisectional curvature and positive Ricci curvature.
As an application of Theorem 1.1, we get the following rigidity result for the steady Kähler-Ricci solitons and Kähler-Ricci flow. Theorem 1.3. Any κ-noncollapsed steady Kähler-Ricci soliton (M, g, f ) with nonnegative bisectional curvature must be flat. More generally, any κ-noncollapsed noncompact and eternal Kähler-Ricci flow with nonnegative bisectional curvature and uniformly bounded curvature must be a flat flow.
In the proof of Theorem 1.1, one main step is to use the blow-down argument to analysis the structure of limit Kähler-Ricci flow of a sequence of rescaled Kähler-Ricci flows. The nonnegative sectional curvature condition is used to guarantee the existence of lines on the limit flow by using Toponogov comparison Theorem (cf. [9] ) and consequently the limit flow can be split off a line by Cheeger-Gromoll splitting theorem [4] . The splitting property is crucial in our proving the curvature decay:
Here R(p, t) is a scalar curvature of corresponding Ricci flow of steady Kähler-Ricci soliton (M, g, f ).
The new ingredient at present is to prove a local splitting result for κnoncollapsed steady Kähler-Ricci solitons with nonnegative bisectional curvature (cf. Lemma 3.1). Then we can generalize the argument in the proof of Theorem 1.1 to Theorem 1.2. Theorem 1.3 can be regarded as a generalization of Ni's rigidity theorem for ancient solution of Kähler-Ricci flow with maximal volume growth [10] . Ni's result is a complex version of Perelman's Theorem for ancient solution of Ricci flow in [11] , Section 11.4.
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2. Primary results in [7] In this section, we recall some results proved in [7] , which will be used to complete the proof of Theorem 1.2 in the next section.
Let (M, g, f ) be a complete κ-noncollapsed steady Kähler-Ricci soltion with nonnegative bisectional curvature. It is proved that there exists a quilibrium point o of M such that ∇f (o) = 0 in [6] . Let φ t be a family of biholomorphisms generated by −∇f . Let g(t) = φ * t (g). Then g(t) satisfies the Ricci flow ∂g ∂t
We consider a sequence of rescaled flows (M, R(p i )g(R −1 (p i )t), p i ). By using the compactness theorem, Theorem 3.3 in [7] , we prove the following convergence result.
Theorem 2.1 is in fact of a part of Theorem 1.5 in [7] . Since (M, g, f ) is weakened to have nonnegative bisectional curvature condition, we could not get the splitting property of limit (M ∞ , g ∞ (t)) as in Theorem 1.5 under nonnegative sectional curvature condition. Here a pseudo κ-solution of Kähler-Ricci flow means that a non-flat Kähler-Ricci flow with κ-noncollapsed condition satisfies the Harnack inequality,
For e a steady Kähler-Ricci soliton (M, g, J) with positive Ricci curvature, which admits an equilibrium point, Bryant in [1] proves that there exist global holomorphic coordinates (Poincaré coordinates) z :
where h 1 , · · · , h n are positive constants. As in Corollary 5.2 in [7] , we choose points p k = (k, 0, · · · , 0, 0 · · · , 0) ∈ M . By computation of lengths of integral curves of J∇f starting from p k , we have
is an n-dimensional κ-noncollapsed steady Kähler-Ricci soliton with nonnegative bisectional curvature and positive Ricci curvature. Then there exists a positive constant C such that
Lemma 2.2 is in fact from Lemma 5.4 in [7] while the nonnegative sectional curvature condition is replaced by nonnegative bisectional curvature condition. This can be done since we only use the convergence result, Theorem 2.1 in the proof Lemma 5.4.
Proof of Theorem 1.2
The following proposition is a key lemma in the proof of Theorem 1.2. 
) converges subsequently to a flow of κ-noncollapsed steady Kähler-Ricci soltions (M ∞ , g ∞ (t), p ∞ ) with nonnegative bisectional curvature which splits locally off a complex line.
Proof. First we note
and R(p) ≥ 0. Then by the uniqueness of quilibrium points, we have 0 < R(p, t) < R max .
Thus by relation
we see that lim t→−∞ R(p, t) exists. Now we suppose that the property i) in Lemma 3.1 does not hold. Then there exists a point p ∈ M such that
Since o is an unique quilibrium point, by (3.2), we have C 0 < R max .
Consider any sequence (M,
is κ-noncollapsed and curvature of (M, g i (t)) is uniformly bounded. By Hamilton compactness theorem [8] , (M, g i (t), p τ i ) converges subsequently to a pseudo κ-solution
and consequently,
Since (M ∞ , g ∞ (t); p ∞ ) is not flat by (3.4), we may assume that (M ∞ , g ∞ (t)) has positive Ricci curvature by Cao's dimension reduction theorem [3] . By the Harnack inequality (2.2) together with condition (3.5), following the argument in the proof of Theorem 4.1 in [2] , we can further prove that (M ∞ , g ∞ (t), p ∞ ) is in fact a steady Kähler-Ricci soliton, which is κnoncollapsed and has nonnegative bisectional curvature and positive Ricci curvature (also see Proposition 2.2, [5] ). More precisely, there is a smooth vector field V on M ∞ such that
whereĝ i = R(p, τ i )g and Ric (i) is Ricci curvature ofĝ i . By Shi's higher order estimate [12] and the soliton equation, we also get
Thus by taking a subsequence, we may assume that
Since
Hence
Let W = V − X. Then by (3.6), (3.7) and (3.8), we have
On the other hand, V (p ∞ ) = 0. By (3.9), we see that W is nonzero everywhere. Thus the Kähler manifold (M ∞ , g ∞ (0)) splits locally off a line along W . Note that J ∞ W (p ∞ ) = 0 and
where J ∞ is the complex structure of M ∞ . Hence (M ∞ , g ∞ (0)) also splits locally off a line along J ∞ W . As a conseqence, the steady soliton (M ∞ , g ∞ (0)) splits locally off a complex line. Therefore, the property ii) in Lemma 3.1 holds. The lemma is proved. Proof. We prove the corollary by contradiction. Then by Lemma 3.1 there exist a point p ∈ M and a sequence of t i → −∞ such that lim t→−∞ R(p, t i ) = C > 0 (3.12) and rescaled (M, R(p, t i )g(R −1 (p, t i )t), φ t i (p)) converges subsequently to a flow of 2-dimensional complete κ-noncollapsed, steady Kähler-Ricci solitons (M ∞ , g ∞ (t), p ∞ ) (t ∈ (−∞, ∞)) which splits locally off a complex line. Moreover
Let ( M ∞ , g(0)) be the universal covering of (M ∞ , g(0)). Then it is easy to see that ( M ∞ , g(0)) still satisfies the κ-noncollapsing condition. Moveover, the parallel vector field W in Lemma 3.1 can be lifted on ( M ∞ , g(0)) and this vector field generates a trivial honolomy group of ( M ∞ , g(0)). Thus by Wu's de Rham decomposition Theorem [13] , the steady soliton ( M ∞ , g(0)) splits off a complex line. Hence the corresponding steady solitons flow ( M ∞ , g(t)) splits off a complex line, and so it splits out a real 2-dimensional flow (N, g N (t)) of complete κ-noncollapsed steady Ricci solitons with positive curvature. On the other hand, by Lemma 4.4 in [7] , any complete pseudo-κsolution on a surface is a shrinking flow of round spheres and so (N, g N (t)) does. In particular, (N, g N (0)) is compact. But this is impossible since any compact gradient steady Ricci soliton should be flat. The corollary is proved.
Choosing p = o ∈ M and a sequence of t k → −∞. Let p k = φ t k . Then by Corollary 3.3, R(p, t k ) → 0 as t k → −∞. Moreover, one can check p k = (e −t k h 1 , ..., 0) under Poincaré coordinates. Thus applying Lemma 2.2 to 2-dimensional steady Kähler-Ricci soliton together with Cao's dimension reduction theorem, we prove Proof of Theorem 1.2. By Proposition 3.4, we can use the induction argument as in the proof of Theorem 1.3, [7] . Suppose that there is no kdimensional κ-noncollapsed steady Kähler-Ricci soliton with nonnegative bisectional curvature and positive Ricci curvature for all k < n. We claim and rescaled (M, R(p, t i )g(R −1 (p, t i )t), φ t i (p)) converges subsequently to a flow (M ∞ , g ∞ (t), p ∞ ) (t ∈ (−∞, ∞)) of complete κ-noncollapsed, steady Kähler-Ricci solitons which splits locally off a complex line. Moreover R ∞ (p ∞ , t) = 1, f or t ∈ (−∞, +∞). (3.15) Now we can consider the universal covering ( M ∞ , g(0)) of (M ∞ , g(0)). As in Corollary 3.3, ( M ∞ , g(0)) can be split out an n − 1-dimensional complete κ-noncollapsed steady Kähler-Ricci soliton (N, g N ) with nonnegative bisectional curvature. Note that (N, g N ) is not flat by (3.15 ). Thus by Cao's dimension reduction theorem, we may assume that (N, g N ) has positive Ricci curvature. On the other hand, by the induction assumpation, (N, g N ) should be flat. This is a contradiction! The claim is proved.
By Claim 3.5, we can choose p k as in the proof of Proposition 3.4 to apply Lemma 2.2 to finish the proof of Theorem 1.2 . Theorem 1.3 is an application of Theorem 1.2 by using an argument as in proof of Theorem 1.4 in [7] .
